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T^ ' Abstract 



We discuss a class of (local and non-local) theories of gravity that share same properties: 

^ i i) they admit the Einstein spacetime with arbitrary cosmological constant as a solution; 

ii) the on-shell action of such a theory vanishes and iii) any (cosmological or black hole) 

horizon in the Einstein spacetime with a positive cosmological constant does not have a 

fSJ . non-trivial entropy. The main focus is made on a recently proposed non-local model. This 

^r^ I model has two phases: with a positive cosmological constant A > and with zero A. The 

C^ ■ effective gravitational coupling differs essentially in these two phases. Generalizing the 

previous result of Barvinsky we show that the non-local theory in question is free of ghosts 

on the background of any Einstein spacetime and that it propagates a standard spin-2 

particle. Contrary to the phase with a positive A, where the entropy vanishes for any type 

^ . of horizon, in an Einstein spacetime with zero cosmological constant the horizons have the 

j^ I ordinary entropy proportional to the area. We conclude that, somewhat surprisingly, the 

presence of any, even extremely tiny, positive cosmological constant should be important 

for the proper resolution of the entropy problem and, possibly, the information puzzle. 
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1 Introduction 

When one first learns about the fact that the (black hole or cosmological) horizons have certain 
entropy [1] proportional to the area the first natural question that is tempted to ask is whether 
this entropy is due to the well-known degrees of freedom already present in the theory, namely 
the degrees of freedom of a spin-2 particle (a graviton)? A now popular (but not unique) point 
of view is that the answer to this question is negative and there should be some other, new, 
degrees of freedom additional to that of a graviton that are there only if there is a horizon in 
the spacetime and that are otherwise invisible. In the approach of [2], which is the author's 
favorite, these degrees of freedom appear in the near-horizon region and are effectively described 
by a 2d conformal field theory. However, even before one comes up with any idea of what 
the explanation for the entropy should be it is rather clear that the degrees of freedom of a 
spin-2 particle should be excludecu as such a universal explanation by a counter-example of 
gravity in three dimensions. Indeed, in three space-time dimensions General Relativity, with 
or without cosmological constant, does not describe any propagating gravitational degrees of 
freedom. On the other hand, the BTZ black hole [3], which is a solution in the theory with a 
negative cosmological constant, nevertheless has a non- vanishing entropy. This entropy can not 
be explained as (only) the entropy of the propagating massless spin-2 particles since the latter do 
not exist in three dimensions. In this paper we consider a class of theories that may be viewed 
as a counter-example in the opposite direction. These theories have the certain propagating 
gravitational degrees of freedom while the horizons do not have any non-trivial entropy. More 
precisely, the entropy of a horizon of any type is zero. Thus, quantum mechanically, the relevant 
quantum state, responsible for the entropy, is a pure state. 

The theories we are going to consider share the following same properties: 
i) the Einstein spacetime 



R^.u = ^9i.u (1.1) 

is a solution for arbitrary cosmological constant A . The fact that value of A is not determined 

is a manifestation of the (direct or hidden) scale invariance present in the theory. 

ii) the on-shell gravitational action is identically zero for any value of A. 

iii) if the Einstein spacetime (II. ip contains a (non-extremal) horizon its entropy is zero. 

We first analyze the local theories of gravity with the discussed properties. These theories are 
quadratic in curvature and suffer from the obvious sickness: they contain ghosts. Our second 
class of examples is motivated by the non-local model recently proposed by Barvinsky [S]. 
This model has been shown in ^ to describe a maximally symmetric spacetime with arbitrary 
cosmological constant. Moreover, the theory is ghost free on a maximally symmetric background. 
In this paper we demonstrate that there exists a more general solution of the type (II. ip that 
describes an Einstein spacetime with arbitrary cosmological constant A . Then, we generalize the 
statement on the absence of the ghosts for this more general solution and, most importantly, 
we show that the horizon entropy in this class of theories vanishes for any type of horizon. 



^For an alternative point of view see [1]. 



Throughout the paper we work with the Euchdean theory of gravity. The Lorentzian part of 
the story, although very important, is not considered here. 

2 Local theories quadratic in curvature 

Let us start with a generic gravitational action quadratic in derivatives. In four dimensions the 
square of the Riemann tensor can be eliminated by using the Gauss-Bonnet theorem and, thus, 
this action is a linear combination of two terms 



W= I ^{aR' + bR^,Rn, (2.1) 

where a and b are some coupling constants. First of all, we notice that this action is scale 
invariant, i.e. it does not change under the constant rescaling of the metric gf^^ — )■ Xg^u- 
As a consequence of this invariance, the gravitational equations obtained by varying (12. ip with 
respect to metric admit spacetime (11.11) with arbitrary A as a solution. Indeed, the gravitational 
equations can be written in the form 

a E^,R + b {E;^E^, + ]^RE^, - ^g^.E^^E"^) + V V(7^) = , (2.2) 

where E^^, = R^^ — \gfiuR is the traceless part of the Ricci tensor. The last term in (12. 2p 
contains the covariant derivatives of the Ricci tensor and the Ricci scalar. For the Einstein 
spacetimes (II. ip this term vanishes identically. The remaining terms in (12. 2p contain linear and 
quadratic combinations of tensor E^^ . This tensor vanishes, 

E^, = 0, (2.3) 

for the Einstein metrics (II. ID with arbitrary A. The Einstein metrics thus are solutions in the 
generic quadratic theory (12. ip . 

Let us now restrict the class of theories by imposing the condition that the on-shell action, i.e. 
the action (12. ip considered on the metrics (II. ip . should vanish. This condition puts constraint 
on the couplings a and b, namely one has that a = —6/4. The new class of theories is described 
by the action 

Wn = b jiR^.R'^" - ^R') = b j E^.E^" , (2.4) 

quadratic in tensor i?^,^ . 

Now, let us turn to the entropy. Among the Einstein spacetimes (II. ip there are those 
with horizons. If the cosmological constant A is positive then the obvious example is the 
Schwarzschild-de Sitter spacetime which has horizons of two types, cosmological and black hole. 
So what is the entropy of any of these horizons in the theory (12.40 ? Off-shell, for an arbitrary 
metric with a horizon 2-surface S, the horizon entropy in the theory (12.40 equals (see [6] for 
the detail explanations) 

S = -Anb [ Eu , (2.5) 



where En = Ef^^n^n'^ and n^ , i = 1,2 are two vectors normal to S. Then, on-shell, for any 
Einstein metric f ll.ip . the entropy (12.51) vanishes, S = 0, due to (I2.3p . 

Assuming that the first law is still valid one would expect that the energy in the theory (12 ■4p 
should vanish. This is indeed the case as was shown earliecl in [8] . 

Any theory of the type (12.11) is sick due to the presence of a ghost in the spectrum. Usually, 
the ghost appears in the propagator as a l/(p^ + mf) pole with a negative residue. Another 
pole l/(p^ + rnl) , with a positive residue, corresponds to a physical particle. The value of the 
residue at a pole gives the value of the gravitational coupling. The theory (12. 4p is special since 
in this case the two poles collide {mi = 1712 = m) and form a single l/(p^ + m?Y pole. In a 
covariant way this can be seen by looking at a small perturbations h on the background of the 
Einstein metric (II. ip . The gravitational action (12. ip for the transverse-traceless perturbation h 
then takes the form ^ 

W=-j h{AL + -R){Al + (1 + 2t)R)h , (2.6) 

where {ALh)fj_i, = Ah^^ + 2R^aui3h°''^ — \Rh^j_y is the Lichnerowicz operator (A = VqV") and 
we defined t = —a/b. The theory (12. 4p corresponds to t = —1/4, this is the only case when the 
quartic operator in (12. 6p is the square of a second order operator, 

WN{h) = ^ f h{AL + -Rfh. (2.7) 
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The theories quadratic in curvature have been recently studied in [10] and [11], the focus 
however was mostly made on the conformally invariant theory which corresponds to the action 
(ED) with t = -1/3. 



3 Non-local theories of gravity 

The non-local theories of gravity which we are going to discuss in this section are inspired by a 
recent interesting work of Barvinsky [5j . Let us, however, start with a somewhat simpler model 
which involves only the Ricci scalar. 

3.1 A simple non-local model expressed in terms of Ricci scalar only 

In the previous section we did not include in the action the Einstein-Hilbert term proportional to 
the Ricci scalar R. This term would clearly break the scale invariance and spoil the properties 
of the theory discussed in the section 2. Nevertheless, it is possible to have a theory with 
the Einstein-Hilbert term that would still possess the properties i)-iii) provided some non-local 
terms are added to the action. Let us consider a theory described by the following gravitational 
action (note that we use the units IGvrG = 1 ) 

W' = /v5(-fl-«fl^fl), (3.1) 



^The author thanks B. Tekin for bringing this reference to him. 



where A = V^V^ is the scalar Laplace operator, and a is a parameter. The earlier work on 
the non-local modifications of gravity includes [12], [13], [E], [E]- 

At first sight, the theory (13.11) appears to have two different phases, depending on what 
term in the differential operator (A — aR) is dominating. If the spacetime curvature is small 
compared to the second derivatives, R ^ VV, then R can be neglected in the operator and 
the second, non-local, term in the action (13. ip is a small correction to the Einstein-Hilbert term, 
provided a is sufficiently small. On the other hand, if the curvature is large compared to the 
second derivatives, R ^ VV, then we can neglect the Laplace operator so that the second term 
in (13. ip becomes local and exactly cancels the Einstein-Hilbert term. In fact this qualitative 
analysis is somewhat misleading. We will see that the presence of any, even extremely tiny, 
positive cosmological constant affects the dynamics of the theory on all scales. So the phases 
just discussed are realized in different spacetimes with the exactly vanishing and non- vanishing 
Ricci scalar. 

The non-locality in (13. ip can be localized by introducing an extra scalar field (p with the 
action 

W^ = - I ^ {aiy<i)f + 2aR(p + a^i?^^) . (3.2) 

Variation with respect to gives the field equation 

(A-aR)(j) = R. (3.3) 

Solving this equation for (p and substituting back to (13. 2p gives exactly the non-local term in 
(13.11) . So that the total action (13. ip takes the local form 



W = j ^ (-i?(l + a<pf - a{y<pf) 



(3.4) 



The gravitational equations, which one obtains by varying the action (13. 2 p with respect to 
metric, then take the form 

-(1 + a(j)f{R^^ - -pi^vR) - adf,(f)d^(f) + -gf,uiy<i)f 

-V^V.(1 + acPf + (7^,A(1 + a<pf = . (3.5) 

By taking the trace of this equation we arrive at 

R{1 + acpf + a(V0)^ + 3A(1 + a<j)f = . (3.6) 

Consider two different cases. 

A. Ricci scalar R = 0. In this case the equation (13. 3p for the auxiliary field and the 
gravitational constraint (13. 6p take, respectively, the form 

A0 = O, a(l + 6a)(V0)^ = O. (3.7) 



The only possible solution to these two equations is constant, 

= const . (3.8) 

Substituting this to gravitational equations fl3.5p . we find that 

Ri.u = 0, (3.9) 

i.e. the spacetinie is Ricci fiat. 

In particular, the Schwarzschild metric is a possible solution. It has a horizon surface S. 
The gravitational entropy of the horizon. 



S = 471 (l + a0)% (3.10) 

is non-zero for a generic value of constant 0. In this phase the theory (13. ip . (13. 4p is more like 
the usual Einstein-Hilbert theory of gravity. 

B. Ricci scalar R y^ 0. In this case we can decompose the auxiliary field (p as follows 

= -- + 0o, (3.11) 

a 

where 0o satisfies the homogeneous equation 

(A-ai?)0o = O. (3.12) 

The constraint (13. 6p then takes the form 

(l + 6a)0^i?+(a + 6)(V0o)^ = O. (3.13) 

We are, in particular, interested in the case, when a is a small parameter so that both (1 + 6a;) 
and {a + 6) are positive. Suppose now that the Ricci scalar is a positive definite function, 
R{x) > 0. Then, the equation (I3.13P has only the trivial solution 

0o(x) = O. (3.14) 

We may come to the same conclusion by looking just at the field equation (I3.12p . Indeed, let 
us multiply (I3.12p by 0o and integrate. Provided the Euclidean manifold M is closed, so that 
there is no a boundary term after integration by parts, we get that 

f ((V0o)' + «i?0o)=O. (3.15) 

Jm 

For positive a and provided the Ricci scalar of manifold M is everywhere positive, R{x) > 0, 
we find that there exists only the trivial solution (13.140 . The gravitational equations (13. 5p then 
are automatically satisfied not imposing any new constraint on the metric of manifold M . We 
note that if there are regions, where the Ricci scalar is negative, R{x) < 0, there can be non- 
trivial solutions both of the field equation (I3.12p and the constraint (13.130 . It is only in the 
regions, where the Ricci scalar is positive, the metric is not fixed by the field equations and 
the auxiliary field 0o(2;) is frozen at the trivial value (I3.14p . If there is a horizon in one of the 
regions, where R{x) > 0, then its entropy, given by (I3.10p . vanishes, 5 = 0. 
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3.2 Non-local model of Barvinsky 

The model. In the model recently proposed in [5] one adds a non-local term to the standard 
Einstein-Hilbert gravitational actioiij 



W = -J ^R + Wb, 

WB = Aa f ^R^^-—L^G^, , (3.16) 

where Gn„ = R^y — \g^uR and the symmetric matrix P contains terms linear in curvature 

P ^ PJ^ = aR^l%]^ + h{g^pR^^ + g^'^R^p) + ci?[^5;J + dRg^pg^^ + ei?(5^; . (3.17) 

This matrix has a nice property that 

Pg^y = P^J'^gap = AR^y + Bg^^R , (3.18) 

where 

A = a + Ab + c, B = b + Ad + e. (3.19) 

In the model of Barvinsky one fine tunes the values of parameters A and B in the matrix P 
(I3.18P and the value of the coupling a , 

B + - = -a. (3.20) 

Let us first slightly rewrite the action by separating the trace and traceless parts in the Ricci 
tensor. Then, using that 

G^u = Efjiv — jg^uR (3-21) 

the Barvinsky's term in (I3.16P can be rewritten as 

WB = Aa f ^ f-^Rg'^'^^^g^^R + E'^'^-^E.^l . (3.22) 

J V16 A + P A + P/ 

The local form of the action. This non-local action can be rewritten in a local form by intro- 
ducing the auxiliary tensor fields (j)^^ and ipfiu as follows 

WB = iaf fr^i^ + P)^f.u - ^c^R - r%^ + P)i^f.u + 2r''E^,\ . (3.23) 



^Note that our definition of a in tlie action p.l6p differs by factor of 4 from that of used in [S]. 



The equation of motion for the auxihary field 0^,^ is 

{A + P)^fct>^p = -^g^,R. (3.24) 

It is useful to make a decomposition on the trace and the traceless parts, 0^i. = \gfj,u<P + <Piiv , 
g'^'^'Pfiu = . Respectively, separating the trace and traceless parts of the equation (13.24p and 
using fl3.20p we obtain the equations 

(A0 - aR<j)) = R- AE'^^~^^p , (A + P)^f4>ap = -\aE^,<J) + ^Ag^.E''^^)^^ . (3.25) 

We note that only if the traceless part of the Ricci tensor vanishes, E^i, = , the two equations 
in (I3.25P disentangle, 

{A-aR)<p = R, {A + P)^f4>^p = 0. (3.26) 

This is exactly the case of the Einstein spacetime (II. ip . 

Similarly, the equation of motion for the auxiliary field ip^^, is 

{A + P)^:'^il;^^ = E,,. (3.27) 

Representing ip^^i, as a sum of the trace and traceless parts, ip^^, = \g^u'^ + i^^iu , g°'^^ai3 = , 
and separating the trace and traceless parts in the equation (I3.27P we find that 

(A - aR)^ = -AE'^P^^p , (A + P)^f^^p = E,, + -^Ag^.E^^^^p - ^AE^,^ . (3.28) 

Only for the Einstein spacetime, E^^ = 0, the trace and traceless parts decouple in equations 
(I3.28P and we have that 

{A-aR)^lj = 0, (A + P) ^^^^4,^^ = 0. (3.29) 

The total gravitational action (13.161) can be written in the local form in terms of the trace 
and traceless parts of the auxiliary fields 

W= /[-(! + acpfR + acpAcj) + 4a0^'^(A + P)0^^ + 2aA^^"'E^^(l) 

-a-^AiP + a'^RiP'^ - Aaip^^'iA + P)-^^^ + Saip^^E^^ - 2aA^l)E^^^'"'] . (3.30) 

The part of the action (I3.30p that depends only on the field is exactly the action (13. 4p 
considered in the section 3.1. 

Yet another useful form of the gravitational action is obtained by substituting the solutions 
of the equations (I3.24p and (13.271) back to the action, 

W= j ^ (-(1 + a0)i? + AaE^^'^i,^,^ . (3.31) 



Note, that in this form of the action the auxihary fields and ipfj^^, are not independent from 
the metric as they are solutions to equations f l3.25p and fl3.28p . We notice that even though the 
components 0^i, and ip do not appear in the action (13.311) they do show up in the gravitational 
equations, when the variation of fl3.3ip with respect to metric is computed, via the equations 
fl^:25|l and fl3:28|) . 

Einstein spacetime (E^,^ = 0) as a solution and the uniqueness. For an Einstein metric the 
variation of the second term in (13.220 (or in (I3.3ip ) with respect to metric is not a priori 
vanishing. It contains the covariant derivatives acting on the traceless tensor ipa/s which satisfies 
the second equation in (I3.29p . There always exists the trivial solution to this equation, ipap = 0, 
for which the respective contribution to the gravitational equations vanishes. The theory then 
effectively reduces to the theory with only the Ricci scalar non-locality that was analyzed in 
section 3.1. The remaining gravitational equations are expressed in terms of the scalar which 
satisfies equation (I3.26P and are automatically satisfied provided = — -. Thus, there always 
(for any choice of couplings in operator P provided the constraint (I3.20p is satisfied) exists the 
solution describing an Einstein spacetime (II. ip with arbitrary cosmological constant A, 

E^, = 0, i'f,u = 0, = -^, ^^ = 0, 4>^u = 0. (3.32) 

The gravitational action (13.311) vanishes for this solution, W = 0. This result is more general 
than the one presented in [5], where only the maximally symmetric solution was discussed. 
Here we showed that the solutions describing an Einstein spacetime (II. ip exist for any choice 
of the couplings (subject to condition (I3.20p ) in operator (I3.17p . The important question now 
is whether the solution (I3.32p is unique. By uniqueness we mean the existence of only the 
trivial solution for the auxiliary fields (I3.32p provided the metric is Einstein. For the scalar 
this question was already discussed in section 3.1, where we concluded that if the Euclidean 
spacetime is a compact manifold with a sign definite Ricci scalar, R > 0, and provided the 
coupling a > 0, there exists only a constant solution = —1/a of the equation (13.260 for 0. 
By same arguments there exists only the trivial solution ^ = for the trace part of ip^^i, . 

Thus, it remains to analyze the uniqueness problem for the traceless tensor field ipp^y (and 
0^1,) satisfying equation (I3.29p . For an Einstein metric (II. ip the matrix P (I3.17P reduces to the 
form 

tr = ^W(iV)^ - ^^9^,9^" - CMC - \9.,gn , (3.33) 



^p — "-"((1/3) ^^^ya/jy ^^^V"a/3 ^ 
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where W^'^f is the Weyl tensor and we introduced 



C = ---c-4e (3.34) 

as in [5]. Multiplying the second equation in (I3.29P by ■0"'' and integrating by parts (the 
Euclidean manifold is assumed to have no boundaries), we find that 



M 



V^r^V^iPa^ - atP'^^ ly// tp^, + CAi^'^^i^^p'^ = , (3.35) 



where we took into account that the tensor ipa/s is traceless. 

Let us first consider the case when the 4-nianifold is maximally symmetric de Sitter space 
or, in the Euclidean signature, the round sphere S^ . The Weyl tensor vanishes in this case. The 
equation (13.351) then implies that if constant C > and the cosmological constant is positive, 
A > 0, then there exists only the trivial solution to the field equation (A + P)nu^'4'ap = 0, 

^ap = 0. (3.36) 

Same arguments of course apply for the field 0^/3 • Thus, for the round sphere 5"^ the solution 
fl3.32p is unique. 

What can we say in the case when the Weyl tensor is non-vanishing, for instance if the 
Einstein 4-manifold is a deformation of the round sphere? By the same arguments as above 
one can show that an eigen value A of the operator — (A + P) on the round sphere 5"^ satisfies 
the inequality A > CA = CR/A. Thus, the minimal eigen value Aq > CA = CR/4 is a strictly 
positive number. Suppose that the 4-manifold in question is a small deformation of the round 
sphere so that in an appropriate norm \\W\\ the Weyl tensor is small. Then the minimal eigen 
value of the operator — (A + -P) is equal to Aq = Aq + SXq, where 6Xo = —a J^^^ipoWipo is 
small. So that Aq is still strictly positive. We conclude that if the Weyl tensor is small the zero 
mode of operator — (A + P) is trivial fl3.36p . Thus, for small deformations of the round sphere 
we still have the uniqueness of the solution (13.321) . Whether the uniqueness holds for a large 
perturbation or, actually, for any perturbation of the round sphere requires a more involved 
analysis. Possibly, this would require certain restrictions on the value of the parameter a in the 
matrix P. We leave this analysis outside the present paper. 

In the case of negative cosmological constant (A < 0), provided the constant C > 0, our 
arguments based on equation (I3.35P can not be used to conclude the uniqueness of the solution. 
This is so even for a maximally symmetric hyperbolic spacetime. The two terms in the eq. (l3.35p 
then are not of the same sign and thus there could be a non-trivial solution for t/^q,^ . In section 
3.1 we arrived at a similar conclusion for the scalar field 0. Thus, most likely, for a negative 
cosmological constant the uniqueness, we discuss here, does not take place. The positive sign of 
the cosmological constant is, hence, indispensable for the property of the uniqueness that plays 
the key role in the analysis presented in this paper. 

Horizon entropy. In any theory of gravity described by (local or non-local) action W the horizon 
entropy can be computed by the method of [6j as foUowcl 

^ = "^"^ i 6^ ((n'^n")(n'^n^) - in'^n^)in''nn) , (3.37) 

where S is the horizon 2-surface, n", i = 1,2 are two vectors normal to S, n^n'^g^jj = Sij , and 
we defined {n°'n^) = '^^^i nfn^ . The entropy (I3.37P is an off-shell quantity valid for any metric 
not necessarily satisfying the gravitational equations. On-shell, it is equivalent to the Wald's 



"^In the approach of [6] the entropy is defined as response of the gravitational action to introduction of a 
conical singularity at the horizon. The metric itself then is a regular quantity while the curvature contains a 
delta-like singularity at the horizon that contributes to the entropy. 
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entropy [,7J. Thus, our strategy is to first obtain a general expression for tlie entropy fl3.37p in 
tlie tlieory fl3.16p and then consider this entropy for the solution (13.321) . 

The local form (13.301) of the gravitational action is the most convenient for the purposes of 
the entropy calculation. The auxiliary fields in this action are considered to be independent 
of the metric and, moreover, the action is linear in the curvature. We then obtain an off-shell 
expression for the horizon entropy in the theory described by the action (I3.30p . 

5 = 47r / (1 + a(pf - 47ra2 / ^^ _ 4^^ f (^^(p^ii - A^j^a + A^a) (3.38) 

-Svra ^ (a(02 _ ^2 _ ^2^ ^ ^2 ) _ ^^^^j. _ ^^^^.«) ^ 2e(02^ - ^^^) 

where 0jj = (pa/snfrij , (pa = J^jJ'ii ^^^ (pia = (papn^ . On-shell, for any solution (13.321) . which 
describes an Einstein spacetimqj with a positive cosmological constant A , the horizon entropy 
(I3.38P is equal to zero, 

5 = 0. (3.39) 

This is our main result. Thinking of possible generalizations, we note that for this result to be 
valid we would only need the fields ipap, ip, ■■ to vanish at the horizon surface S. Thus, it 
is possible that one may relax our restrictions on the sign of the cosmological constant A and 
on the values of the parameters in the action (13.161) . This certainly opens various directions to 
further generalize our result. 

The non-locality of the original gravitational action (I3.16P is reflected in the fact that the 
solution to the gravitational equations, in general, is characterized by not just the metric but 
also by the auxiliary fields satisfying the homogeneous equations. The uniqueness of the solution 
(I3.32P for positive A guarantees that the auxiliary fields, classically, do not produce any new 
degrees of freedom other than metric. It is important for the universality of the property 
(I3.39p . valid for any solution that describes an Einstein spacetime. For a negative cosmological 
constant, even though we still have the solution (13.321) for which the horizon entropy vanishes, 
this solution may not be unique. Thus, there could be a more general solution which describes 
the Einstein spacetime (11.11) with A < and with non-trivial auxiliary fields not necessarily 
vanishing at the horizon. 

No-ghosts in quadratic order. In this part of our analysis we like to use the form (I3.3ip of 
the gravitational action. Consider a small perturbation h^j,^ on the background of the solution 
(I3.32p . We want to decompose the gravitational action (13.310 up to second order in perturbation. 
Due to triviality of the solution ( J3.32P many terms in the decomposition of (I3.3ip in powers of 



^In the the Schwarzschild-de Sitter spacetime the two horizons, black hole and cosmological, are present. It 
is well known that by choosing appropriately the periodicity in the Euclidean time one can make the manifold 
regular near one of the horizons but not, in general, near both. There always appears a conical singularity at 
one of the horizons. The presence of the conical singularity does not change our conclusions on the uniqueness of 
the solution since in the equation p.35|) the possible boundary term at the singularity always vanishes provided 
the Friedrichs self-adjoint extension [16] is chosen in which the fields are regular at the conical singularity. 
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the perturbation h are vanishing and we have that 

52W = I y/g(^Tih5i(j)R-a5i(p5iR-aR52(l) + 4:a5iE'"'5i'ip^^j , (3.40) 

where 61 contains terms hnear in perturbation h and 62 contains terms quadratic in /i, so that 
the total perturbation reads 6(f) = 6i(j) + ^20 + ••, where 6n(f) ~ ^"- The term Tt h = g^^h^y 
comes from the variation of ^ . Varying the first equation in f l3.25p we find that 5i(j) satisfies 
the homogeneous equation (A — a-R)(5i0 = and, hence, vanishes, 5i0 = 0. The first two terms 
in (I3.40p . thus, vanish. The quadratic variation ^20 then satisfies equation 

(A - aR)52(t) = -A5^Ef'''5i4>^, , (3.41) 

where the variation (5i0^,y is found from the equation 

(A + P)6i4>^.u = j^^iE^^ ■ (3-42) 

On the other hand, by varying the second equation in (13.28^ we obtain that Siip^i, satisfies 

(A + P)6,i^^, = 6iE^, . (3.43) 

Inserting (I3.4ip - (l3.43p into (13.401) we arrive at the quadratic action 

, A^ 



S2W= , ^ 

4a 



+ Aa) [6iE^''^-^5iE^,. (3.44) 

J A + P 



The variation of the traceless tensor E^^ results in 

SiE,. = -\dK. , V = (^ - ^K' + 2W^ ("/.) ' (3-45) 

where h^y = h^^ — \g^u Tr h is the traceless part of h^^ and we imposed the gauge condition 
Va/i^ = \di3 Tt h. We note that operator D = Al + jR, where Al is the Lichnerowicz operator. 
Now we introduce an effective Planck mass 

2 4a a ^ ^ 

in accordance with [5j . With this definition the quadratic part of the action reads 

M^ff r I- . 1 

S2W = ^ / -h'^'D :^D h.^ . (3.47) 

2 7 4 (A + P) '^ ^ ' 

Let us compare the structure of operators D and (A + P) (acting on traceless tensors): 

(A + P),."-' = i^-Cj) 5,t + aW% % . (3.48) 
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We see that for the choice of parameters 

C = -, a = 2 (3.49) 

we have that £) = (A + P) and the non-locahty in ( J3.47P disappears for any Einstein metric. 
The quadratic action then takes a local ghost-free form 

52W = ^y -l^^Dh^,. (3.50) 

This is in agreement with the findings in |;5j . The analysis of ref . [5j was concentrated mostly on 
the maximally symmetric de Sitter space (round sphere S*^) and the condition on the parameter 
C (I3.49P was derived to guarantee the absence of the ghosts in the quadratic action over this 
maximally symmetric background. The condition on the parameter a (I3.49P is new and it 
guarantees the absence of the ghosts in the quadratic action over any Einstein spacetime. Thus, 
despite the non-local and higher derivative nature of the action (I3.16p . it does not describe any 
ghosts or extra degrees of freedom and propagates only that of the standard spin-2 particle. 

It is interesting to note that the quadratic theory (I3.50p can be considered as a "square root" 
of the higher- derivative theory (12. 7p . discussed in section 2. 

Solution with zero cosmological constant, A = 0. Let us briefiy discuss the Ricci flat solution, 
Ruf = 0, that corresponds to the zero cosmological constant in (II. ip . In this case the auxiliary 
field (p satisfies the homogeneous equation A0 = 0. Demanding the regularity of the field 
everywhere including infinity we obtain that the only solution possible is constant, = const. 
The same conclusion is made for the field ip. The traceless tensors ipai3 and 0^/3 satisfy the 
homogeneous equation {A + P)tpai3 = 0, where on a Ricci fiat background the matrix P contains 
only the Weyl term, -P^/'^ = ctW^(-„ «) • In flat spacetime the arguments using equation (E 



a/3 ""'{a 13) 

show that, demanding the regularity at inflnity, the only solution of this equation is such that 
^ai^fiu = 0, i.e. ipi^u should be constant. In a curved spacetime a priori there is no covariantly 
constant traceless tensor so that a possible solution is trivial, tpfiu = 0. Whether this solution 
is unique in the presence of a non- vanishing Weyl tensor is not evident. We will not dwell into 
this problem in the present paper. In any case, there exists the following solutioi^Ll 

RfMu = , i'^^u = 0, 4> = const , i) = 0, (i>f,u = 0, (3.51) 

where we choose the trivial solution for ip, that describes a Ricci flat spacetime. 

The Ricci flat spacetime may contain some horizons (such as the horizon in the Schwarzschild 
metric). The horizon entropy is still given by the equation (I3.38p . For the solution (I3.5ip one 



^It should be noted that the original non-local model of gravity described by the action p.l6p is equivalent to a 
local theory with the auxiliary fields provided the certain boundary conditions are imposed on the auxiliary fields 
(otherwise the new formulation may have more degrees of freedom than the original one) . In the asymptotically 
flat spacetime the Green's function of operator (A — aR) is decaying at infinity. Therefore the function (p — 
(A — aR)~^R vanishes at the asymptotic infinity. In the local formulation, however, any constant value of cf) is 
possible. We remark that only the zero value </> = is compatible with the original non-local formulation of the 
theory. 
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then finds that the entropy 



S = 47T {l + a(j)y (3.52) 



is proportional to the area of the horizon as in General Relativity. This entropy is non- vanishing 
provided the constant (p is such that (1 + a(f)) is non-zero. 

For a small perturbation hf^,y over a background fl3.5ip we find for the quadratic part of the 
action 

52W= f (-{l + a(l)){52R+^Trh5iR)-a(l)5iR5i(l) + 4:a5iE'"'5iip^^j . (3.53) 

In the gauge Vo/i^ = ^5/3 Tr h we have that 



4 ^"^16 



S^R = -W^Dh^^ + — Tr /i A Tr /i , 



(5ii?=--ATr/i, 5i<p={l + a<p)^5iR., 



1 



5iE^^ = --Dhf,^ , Siip^^ = ^6iE^^ , (3.54) 



where h^,, = h^^ — ^g^j^Tih is the traceless part of h^i, and (5i0 and Siipa/s are obtained by 
varying equations (I3.25P and (I3.28P respectively. Operator D in (I3.54p is the same operator 
as in (I3.45P (with R^^ = 0). We remind that = const in (I3.53P and (I3.54p . Substituting 
relations (I3.54p into (I3.53P we find for the quadratic action 

5^W = -(1 + a(f)) [ (H^"'Dh.^-^^——^TThATTh] +a I W" D ^Z) ^ . (3.55) 

i V4 16 J J (A + P) 

For a Ricci flat metric the operators D and (A + P) (I3.48P coincide if parameter a = 2 (no 
condition on constant C is required in this case) . For this value of a the non- locality in (I3.55p 
disappears and the quadratic action 03.551) then takes the local form 

S^W = ^ / \-yDh^^-P{a,(t)) — i:ihAi:ih] . (3.56) 



2 J V4 ^"^ ' ^ '"'16 

The Planck mass in this phase is 



2 
and we introduced parameter /3(a, 0) as follows 



/l/f2 

^' -(l + «0-4a), (3.57) 



{I + a(t)){l - Aa) 
^^"''^^^ (l + a0-4a) • ^'-^'^ 
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For any value of (j) and small a we have that /3(a,0) = 1 + O(a^). On the other hand, for 
= we have that /3(a, = 0) = 1 for any value of a. We note that only the zero value = 
is compatible with the original non-local formulation of the theory f l3.16p (see the footnote 6.) 
For /3(a, 0) = 1 the quadratic action fl3.56p is exactly the quadratic part of the Einstein-Hilbert 
action (with zero cosmological constant) 

5,W = Lk j s,{R^). (3.59) 

For = this agrees with [5], [13]. Our analysis shows that there are no ghosts in the phase 
with A = 0. For small a the gravitational coupling in this phase is much stronger than the 
coupling (I3.46P in the phase with a non-zero cosmological constant. 

Two phases of the theory. We see that in the model (13.160 there exist two rather different 
phases: with non- vanishing cosmological constant A > and with A = . The horizon entropy 
in these two phases, as we have shown, is radically different: zero in the phase with A > 
and proportional to the area in a standard way in the phase with A = 0. Moreover, these 
two phases are characterized by two different gravitational couplings (see equations (I3.46P and 
(I3.57P ). The source of the difference between these two phases hes in the equation (I3.26P for the 
auxiliary field 0. In the Euclidean spacetime with A > the only solution to this equation is 
= — 1/a. The quadratic term in the variation of the Ricci scalar in action (I3.3ip is multiplied 
by (1 -f a0) and, thus, does not contribute to the quadratic action. On the other hand, in the 
phase A = the only solution of (I3.26P for 0, compatible with the original non-local formulation 
of the theory (I3.16P , is = . In this case we find that the quadratic term in R does contribute 
to the quadratic action as in General Relativity. 

It should be noted that these two phases are not analytically related and are realized on two 
different spacetimeCl (with i? > and i? = respectively). The discontinuity between these two 
phases is eventually related to the different topological properties of asymptotically flat space- 
time and the de Sitter spacetime, in the Euclidean signature the latter is a closed manifold while 
the former has a boundary at infinity where the extra boundary conditions should be imposed. 
The presence of a non-vanishing cosmological constant is visible in all scales. No matter how 
small or large is black hole the horizon entropy is zero in this case. At all scales, the coupling 
of matter to a weak gravitational field is governed by the coupling constant (I3.46p . This is 
contrary to, perhaps rather naive, expectations that on a smaller scales than cosmological (say, 
near the Earth) one could effectively use, in a weak field approximation, the quadratic action 
(I3.56P with the gravitational coupling (I3.57p . (An example of the model when the gravitational 
coupling does depend on the scale is considered in pTT].) Of course, it is possible that in the 
model (I3.16P there could exist a domain wall solution which connects the two phases (the Ricci 
scalar then would not be constant) with zero and non-zero values of A. It would be interesting 
to see whether the model (I3.16P indeed admits a solution of this type. 



"^ We understand that our interpretation of the phases is different from the one presented in [5] . 
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4 Conclusion 

In the class of theories considered in this paper the problem of statistical explanation of the 
entropy associated to horizons becomes trivial. Since the entropy is zero the corresponding 
quantum state is a single pure state. In a description in terms of a 2d conformal field theory 
of |i2j this may correspond to a situation when the corresponding central charge vanishes. The 
CFT then does not contain any non-trivial degrees of freedom. We note that this trivialization 
of the problem is somehow related to the presence of a positive cosmological constant. Indeed, 
in the non-local model of Barvinsky there exists a phase with zero cosmological constant, where 
the horizon entropy is proportional to the area as in the standard situation of General Rela- 
tivity. Only the presence of any, even extremely tiny, positive cosmological constant changes 
the situation radically so that the entropy becomes zero. We note that this is so for any size of 
horizon: microscopical or cosmological. Clearly, this applies also to the largest horizon possible, 
to the cosmological horizon in de Sitter spacetime. This property is, apparently, due to the 
non-local nature of the model. 

One might worry that the property of vanishing of the horizon entropy in the discussed class 
of theories is due to some kind of pathology hidden in the theory. At first sight this hypothetical 
pathology may be related to the non-unitarity and the appearance of the ghosts. However, the 
presence of ghosts does not seem to be a necessary and unavoidable feature of the discussed 
theories. The non-local model studied in section 3.2 is free of ghosts, at least in the quadratic 
order, for any value of A. 

Based on the observations made in this paper it is tempted to speculate that the presence 
of a positive cosmological constant should play a crucial role in the resolution of the so-called 
information puzzle. This however should be taken with a great care since any horizon present 
in the spacetime (11. ip . semi-classically, still emits the Hawking radiation. How this can be 
compatible with the described property of the entropy remains to be understood. 
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